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Power spectra from an infiaton coupled to the Gauss-Bonnet term 
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We consider power-law inflation with a Gauss-Bonnet correction inspired by string theory. We 
analyze the stability of cosmological perturbations and obtain the allowed parameter space. We find 
that for GB-dominated inflation ultra-violet instabilities of either scalar or tensor perturbations show 
up on small scales. The Gauss-Bonnet correction with a positive (or negative) coupling may lead 
to a reduction (or enhancement) of the tensor-to-scalar ratio in the potential-dominated case. We 
place tight constraints on the model parameters by making use of the WMAP 5-year data. 
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I. INTRODUCTION 

Inflation in the early universe has become the stan- 
dard model for the generation of cosmological perturba- 
tions in the universe, the seeds for large-scale structure 
and temperature anisotropies of the cosmic microwave 
background (CMB). The simplest scenario of cosmo- 
logical inflation is based on the presence of a single, 
minimally-coupled scalar field with a slowly varying po- 
tential. Quantum fluctuations of this infiaton field give 
rise to an almost scale-invariant and primordial power 
spectrum of isentropic perturbations (see Refs. [1, 2] for 
reviews) . 

String theory is often regarded as the leading candidate 
for unifying gravity with the other fundamental forces 
and for a quantum theory of gravity. It is known that 
there are correction terms of higher orders in the cur- 
vature to the lowest order effective supergravity action 
coming from superstrings, which may play a significant 
role in the early universe. The simplest such correction 
is the Gauss-Bonnet (GB) term in the low-energy effec- 
tive action of the hctcrotic string [3] . Such a term pro- 
vides the possibility of avoiding the initial singularity of 
the universe [4]. In the presence of an exponential po- 
tential for the modulus field, nonsingular cosmological 
solutions were found which begin in an asymptotically 
flat region, undergo super-exponential inflation and end 
with a graceful exit to a phase with decreasing Hubble 
radius [5]. 

There are many works discussing accelerating cosmol- 
ogy with the GB correction in four and higher dimen- 
sions [6-9]. Recently it has been shown that the GB 
term might give rise to violent instabilities of tensor per- 
turbations [10]. A model in which inflation is driven by 
the GB term and a higher-order kinetic energy term was 
studied. When the GB term dominates the dynamics 
of the background, tensor perturbations exhibit violent 
negative instabilities around a de Sitter background on 



small scales, in spite of the fact that scale- invariant scalar 
perturbations can be achieved [10]. Besides the kinetic 
and GB terms, a scalar potential arises naturally from su- 
persymmetry breaking or other non-perturbative effects. 
So far, the inflationary solutions and the resulting cos- 
mological perturbations have not been studied in detail 
when both the GB correction and the scalar potential are 
present. 

In this work we investigate single-field inflation with a 
non-minimal coupling of the infiaton to the GB term. We 
confront the predictions for the primordial power spec- 
tra for scalar and tensor modes with WMAP data. In 
doing so, we restrict our attention to power-law infla- 
tion, which is realized when both the potential and the 
scalar-GB coupling take an exponential form. When the 
potential is dominant, we find that it is possible to realize 
observationally supported density perturbations. When 
the GB term is dominant, either tensor or scalar per- 
turbations exhibit negative instabilities on small scales, 
which invalidate the assumption of linear perturbations. 

This paper is organised as follows. In section II we 
calculate the power spectra of scalar and tensor pertur- 
bations for an infiaton that is coupled to the GB term. 
We restrict our analysis to situations in which the mode 
equations are solved by Bessel functions. In section III 
we study the case of power-law inflation in detail. Section 
IV is devoted to conclusions. 



II. COSMOLOGICAL PERTURBATIONS 



We consider the following action 



S = 
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where is a scalar field with a potential V(4>), u> = ±1, 
R denotes the Ricci scalar, and Rq B = R^ V p a R^ f " T — 
AR 11V R> XU + R 2 is the GB term. We work in Planckian 
units, h = c = 8ttG = 1. In a spatially flat Friedmann- 
Robertson- Walker (FRW) universe with scale factor a, 



2 



the background equations read 

6H 2 = ujj) 2 + 2V + 24iH 3 , 



2H = -u;<f> 2 + AiH 2 + 4£H(2H - H 2 ), 



(2) 
(3) 



where a dot represents the time derivative and H = a/a 
denotes the expansion rate. To compare the contribu- 
tions from the potential and the GB term, we use the 
ratio of the second to the third term on the right-hand 
side of Eq. (2), A = V/12£H 3 . For a potential-dominated 
model |A| > 1, for a GB-dominated model |A| < 1. 

At linear order in perturbation theory, the Fourier 
modes of curvature perturbations satisfy [11] 



v" + 



■2 L.2 "TZ 
c TZ n ' 



0. 



(4) 



where a prime represents a derivative with respect to 
conformal time r = J a -1 di, and 
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(5) 
(6) 



with I = -2£H 2 /(1 - 4£iJ). 

If we can write z-ji = Qnh] 1 ^ 2 ^^ , with Q-jz and v-jz 
constant, we find z'^j z-ji = (v 2 R — l/4)/r 2 . Additionally, 
if c 2 ^ is a positive constant, the general solution of Eq. (4) 
is a linear combination of Hankcl functions 



,4(1+2^)^/4 



We choose c\ — and C2 = 1, so that positive fre- 
quency solutions in the Minkowski vacuum are recov- 
ered in an asymptotic past. Since R^(c-rM\t\) — > 
(i/ir)r(v-ji)(cnk\T\/2)~" 71 for long wavelength perturba- 
tions (c7jfc|r| <C 1), the curvature perturbation after 
crossing of the Hubble radius is given by 



ft = — = c i(3+2 v - R U/i c n 



4Q K r(3/2) V2 



(8) 



The power spectrum of curvature perturbations, Vn 
k 3 \TZ\ 2 /2n 2 } becomes 
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with spectral index 

nn - 1 = 3 - 2v n 



3-2u n 



(9) 
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The Fourier modes of tensor perturbations satisfy [11] 
u" + (c 2 T k 2 - ^) u = 0, (11) 



where 



4 = 1- 



a 2 (l-4^), 
4(1 
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(12) 
(13) 



As above, if c 2 ^ is a positive constant and if zt can 
be written as zt — Qt\t\ 1 ^ 2 ~ Vt with constant Qt and 
vt, the power spectrum of tensor perturbations, Vt = 
2k 3 \2u/z T \ 2 /2ir 2 , is given by 



4tt 2 Q 2 \T(3/2)J \2 
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(14) 



The spectral index of the gravitational wave power spec- 
trum is 



tit = 3 — 2vt- 



(15) 



An important observational quantity is the tensor-to- 
scalar ratio, 



V T 
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III. POWER-LAW INFLATION 



In this section we consider power-law solutions given 



c 1 Hi 1 2{cnk\T\) + c 2 H^{cnk\T\)\ .(7) 



a cx 



t 1 ^, H = 



if 



(17) 



The power-law solution that involves a single power of 
cosmic time given by (17) is 



£ = at, 



7 i 2 ' 



(18) 



where a and /3 are constants, which characterize the con- 
tributions from the GB term and the potential, respec- 
tively. In what follows we restrict our attention to a 
positive scalar potential, i.e., (3 > 0. The case of a < is 
permitted as long as the total energy density is positive. 
In this case the potential-to-GB ratio, A = 7 2 /3/12a, 
becomes a constant. Eliminating the utcb 2 term from 
Eqs. (2) and (3), we have 



(/?+l)7 2 -(2a + 3) 7 +10a = 0, 
which has two solutions, 7+ and 7_, 



7± 



(2a + 3) ± y/(2a + 3) 2 - 40a(/3 + 1) 
203TI) ' 



(19) 



(20) 



An inflationary solution (a > 0) is obtained for < 7 < 
1 . The sign of ui depends on the sign of (7 2 - 2^7- 2a). 
In the case a m (no GB contribution), we choose u> = 1 



a 



FIG. 1: Parameter space (a, /?) for inflationary solutions with 
< 7- < 1. In region I, tensor modes are unstable on small 
scales, while scalar modes are stable. The opposite holds in 
region II. 



and 7 = 7+, since 7_ = 0. The condition for inflation 
requires j3 > 2. In the case j3 = (no potential), we 
choose to — — 1 and 7 = 7-, since 7+ > 1 . The condition 
for inflation requires a < 1/4 [10]. Taking the positive 
sign of 4>, we obtain 



1 /2|7 2 - 2a 7 - 2a\ 
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hit, 
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which indicate that an exponential potential and an ex- 
ponential coupling give rise to exact power-law solutions. 

Let us derive the spectral indices of scalar and ten- 
sor perturbations. From Eqs. (6) and (10) for the scalar 
perturbations we find 



4 = 1 



16a 2 (— 7 2 + 5a7 — a) 



[(7 2 
fin — 1 = 3 - 



- 2aj - 2a) (7 - 4a) + 12a 2 ] (7 - 4a) 
3-7 
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(25) 



which implies a red spectrum for < 7 < 1 . As the phase 
speed (speed of sound) is constant for power-law infla- 
tion, the result for the power spectrum obtained above 
applies. 

From Eqs. (13) and (15) we find for the tensor pertur- 



FIG. 2: Parameter space (a, (3) for inflationary solutions with 
< 7+ < 1. In the shaded region both scalar and tensor 
modes are stable on small scales. Solid lines correspond to 
7 = 0.005, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 (from bottom 
left to right). Models with u) = — 1 (w = 1) are above (be- 
low) the black dashed line. The blue dotted line represents 
the potential-GB equality (A = 1). The potential-dominated 
(GB-dominated) models are below (above) this line. 



bations 



riT = 3 



4a(7 - 1) 
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(26) 
(27) 



the same spectral index as for the scalar perturbations. 
The tensor-to-scalar ratio (16) reads 
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(7 2 - 2a7 - 2a) (7 - 4a) + 12a 2 
(7 — 6a) 2 
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Note that the tensor-to-scalar ratio is independent of k, 
as in minimally coupled power-law models. However, the 
phase speed of scalar and tensor perturbations is different 
from the speed of light in general, e.g. for the case 1/4 > 
a > 7 « we find cr ~ and ct ~ 0. 

If a = 0, we have c\ — c 2 ^ = 1. If on top 0<7<1, 
n-R — 1 = iit ~ —27, which yield nearly scale- invariant 
scalar and tensor perturbations, and r = — 8n^ — the 
standard consistency relation [2] for single-field slow-roll 
inflation. If /3 = and < 7 < 1, it was shown that 
the tensor perturbations suffer from instabilities on small 
scales, because = 27 — 5 is negative [10]. This type of 
instabilities has been also found in Refs. [12]. 

In Figure 1 we show the parameter space (a,/3) for 
inflationary solutions with < 7_ < 1. In region I, 
scalar modes are stable while tensor modes are unstable 
on small scales {c\ > 0, but Cy < 0). In region II, 
tensor modes are stable, while scalar modes are unstable 
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FIG. 3: Tensor-to-scalar ratio r versus GB-coupling parame- 
ter a for inflationary solutions with 7 = 0.1, 0.2, 0.3, 0.4, 0.5, 
0.6, 0.7, 0.8, 0.9 (from bottom to top along the dash-dotted 
line) . 
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FIG. 4: Observational constraints on the inflation-model pa- 
rameters from the WMAP 5-year analysis. In the shaded 
region, 0.942 < nn < 1 and < r < 0.43. 

on small scales, since now c\ > and < 0. Unless the 
system is initially in a Minkowski vacuum state (in which 
both c n and are positive) before the GB correction 
becomes important, a problem arises when we quantize 
scalar and tensor modes. We conclude that all solutions 
involving 7_ are excluded by stability arguments. 

In Figure 2 we show the parameter space (a, (3) for in- 
flationary solutions with < 7+ < 1. Now, both and 
(Hp are positive. We show the potential-dominated (GB- 
dominated) region with 10 = 1 (ui = — 1). Most of the 
shaded region corresponds to the potential-dominated in- 
flationary solution with u = 1. 



As shown in Figure 3, for inflationary solutions with 
7 > 0.5, there is a small range with a > 0.08 in which 
the tensor-to-scalar ratio is compatible with observations. 
However, in that case the power spectra of curvature and 
tensor perturbations are far from scale-invariant. In or- 
der to obtain nearly scale-invariant spectra of density 
perturbations, 7 <C 1 is required from (25) and (27). 
This can be realized when the potential term is domi- 
nant (see also Figure 2). As we see from Fig. 3, at small 
values of \a\, the GB correction leads to a reduction of 
the tensor-to-scalar ratio if a > 0, while it is enhanced 
for a < 0. 

The recent publication of data from the Wilkinson Mi- 
crowave Anisotropy Probe (WMAP) [13] has brought 
the global cosmological dataset to a precision where it 
seriously constrains inflationary models. We place con- 
straints on the model parameters by using the results of 
the WMAP team. Fitting the concordance model with 
power-law spectra for scalar and tensor perturbations to 
WMAP 5-year data alone, yields n n = 0.986 ± 0.022 
(68% CL) and r < 0.43 (95% CL). Figure 4 shows the 
observational constraints from WMAP 5-year data on 
the parameters (a and 0) of power-law inflation with 
GB term. In the shaded region, 0.942 < jir < 1 and 
< r < 0.43 are assumed. 

We see that WMAP data allow us to obtain rather 
tight constraints on the magnitude of a possible non- 
minimal coupling of the inflaton to the GB term (— 1 x 
10~ 4 < a < 4x 10~ 4 from WMAP, while a < 1/4 is possi- 
ble in principle) because the constraint, 0.942 < nn < 1, 
requires that 7 < 0.028 from Eq.(25). In this range the 
tensor-to-scalar ratio becomes sensitive to the parameter 
a as shown in Figure 3. 



IV. CONCLUSIONS 

We have studied inflationary solutions with a non- 
minimally coupled Gauss-Bonnet term. We find that 
power-law solutions, giving rise to an exponential po- 
tential and an exponential GB coupling, are in agree- 
ment with observation. The important quantities, di- 
rectly linked to observations, are the spectral indices nn 
and ut, together with the tensor-to-scalar ratio r. Pro- 
vided that c^j and are positive constants in the mode 
equations, we obtain the spectral indices of scalar and 
tensor perturbations given by Eqs. (25) and (27), respec- 
tively, and the tensor-to-scalar ratio (28). 

Given the model parameter a and /3, there are in gen- 
eral two solutions, 7_ and 7+. Although scale- invariant 
spectra are generated for density perturbations, either 
scalar or tensor perturbations are faced with ultravio- 
let instabilities associated with negative or c|. in the 
shaded region of Figure 1. In the shaded region of Fig- 
ure 2, this type of instabilities can be avoided. When 
the potential dominates, it is possible to generate nearly 
scale- invariant curvature perturbations with a reduced or 
enhanced tensor-to-scalar ratio in the case of a > or 
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a < 0, respectively. 

In this work we restricted our attention to power-law 
solutions, which is intended to be a first step towards 
a more complete understanding of the influence of a 
non-minimal coupling to the Gauss-Bonnett term. The 
comparison to WMAP data showed that the cosmic mi- 
crowave sky provides us with a mean to strongly con- 
strain the magnitude of that coupling. The next step 
will be the investigation of the slow-roll regime for an ar- 



bitrary form of the coupling and an arbitrary potential. 
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